Simple scheme for expanding a polarization-entangled W state by adding one photon 
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We propose a simple scheme for expanding a polarization-entangled W state. By mixing a single 
photon and one of the photons in an n-photon W state at a polarization-dependent beam splitter 
(PDBS), we can obtain an (n -I- l)-photon W state after post-selection. Our scheme also opens the 
door for generating n-photon W states using single photons and linear optics. 
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Entanglement not onlyplays a central role in funda- 
mental quantum physics [IlQ, but also has wide applica- 
tions in quantum information processing, such as quan- 
tum teleportation i^], dense coding Qjquantum cryptog- 
raphy [5| , and quantum computation [6| . While bipartite 
entanglement has been well understood, multipartite en- 
tanglement offers a very complicated structure. For ex- 
ample, it was shown that genuine three-particle entangle- 
ment can be classified into two classes by the equivalence 
under stochastic local operations and classical commu- 
nication (SLOCC) 0]. One is the Greenberger-Horne- 
Zeihnger (GHZ) state [1] 
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The other is the W state 
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The GHZ state is usually taken as "maximally entangled" 
state in some senses, for instance, it violates Bell inequali- 
ties maximally. However, it is also maximally fragile, i.e., 
if one or more particles are lost or discarded, then all the 
entanglement is destroyed. The W state is less entan- 
gled in the sense that its violation is weaker than that 
of GHZ state. While, the W state is very robust against 
the loss of one of the particles, namely, two-particle en- 
tanglement can be observed after one particle is lost or 
measured. Thereby, in this sense, the W state is more 
entangled. 

The entanglement persistency property can be easily 
obtained from the representation of the n-particle W 
state 
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where |n — 1, 1) denotes the (unnormalized) totally sym- 
metric state including n—1 particles in state |0) and one 
particle in state |1), e.g., |3, 1) = |0001)-H|0010)-h|0100)-h 
1 1000). We can see that any particle is entangled with the 
other particles and that all the particles are equivalent. 
In fact, it was shown that the W state has the maximum 
degree of entanglement between any pair of particles . 
These interesting features lead the W-class states to ap- 
plications in a variety quantum information processing 
tasks, such as quantum teleportation [lol. [Tl|. IT3l ■ dense 
coding [Tsj, quantum secret communication [l4|. 

Linear optical systems have supplied a broad field for 
experimental implementation of multipartite entan gled 
states. There have been many proposals 
| 19| . i20y , i21i] and experimental implementations .2^ [23|, |2J, 
[25| for producing W states. Quite recently, Tashima et 
al. introduced an interesting optical gate for expanding 
polarization-entangled W states [2^. In their scheme, 
after the operation of the gate on one of the photons in 
an n-photon W state, an (n -|- 2)-photon W state can be 
obtained after post-selection. 

In this paper, using a similar expanding principle with 
that in Ref . [2 61] , we propose a simple scheme for expand- 
ing a polarization-entangled W state by adding a single 
photon to the existing state, rather than adding two pho- 
tons in Ref. [26j . Our scheme needs only a polarization- 
dependent beam splitter (PDBS), where one of the pho- 
tons in an n-photon W state interferences with a sin- 
gle photon and after post-selection an (n -1- l)-photon W 
state can be obtained. 

Before introducing our scheme we would like to note 
that the qubits here are all encoded in polarization states 
of single photons, so that |0) = \H) and |1) = \V), where 
\H) {\V)) denotes the horizontal (vertical) polarization 
state. Our scheme for adding a single photon to an n- 
photon W state is depicted in Fig. [1] The key of our 
scheme is an element of PDBS, with reflectivities of 
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for horizontally {H) and vertically (V") polarized photons, 
respectively. Such class of elements has been used in sev- 
eral experiments (271 i28i , |29. , _30] . One of the photons in 
state \Wn) and a single photon in state \H) meet at the 
PDBS, which are input in modes a and 6, respectively. 
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FIG. 1: Scheme for adding a single photon to an n-photon W 
state. The polarization-dependent beam splitter (PDBS) has 
reflectivities of rjn = (5 — \/5)/10 and ?7y = (5 + -\/5)/10 for 
horizontally [H) and vertically [V) polarized photons, respec- 
tively. One of the photons in the W state is input in mode 
a, and a single photon in state \H) is added in mode c. A 
half-wave plate (HWP) oriented at 0° can introduce a phase 
shift of TT between H and V polarized photons. This scheme 
succeeds in the case of twofold coincidence detection in the 
output modes c and d. 



If they are indistinguishable except the degrees of path 
and polarization (fourth-order interference will happen 
for the same polarization photons), the state transfor- 
mations at the PDBS can be expressed as 




riv\V), + ^JT^\V)^, 
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After the PDBS, we use a half-wave plate (HWP) set 
to 0° to introduce a phase shift of tt between H and V 
polarized photons, with the transformations 

I^>c-I^>c, I^)e--I^>c- (8) 

Therefore, if we post-select the successful events, i.e., 
twofold coincidence detection at the output modes c and 
d, we can obtain the state transformations as follows, 
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Next we explain how a single photon can be added to 
a state \Wn) through our scheme. Since all the photons 
in the W state are equivalent, we can choose any photon 
to inject in mode a, for instance, mode n, so that we can 
rewrite the W state given by Eq. ^ as follows. 
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FIG. 2: Schematic of preparing an TV-photon W state using 
single photons and the scheme shown in Fig. [1] 



Then we can write the state evolution of the photon- 
added process as 
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where |<i>) is an unnormalized state including the ampli- 
tudes that would not lead to the successful events. 

From Eq. we can see that the success probability 
for adding a single photon to a state | W„) is (n -1- 1)/ (5n), 
which approaches a constant 1/5 when n becomes large. 
It is not difficult to find that if we generate an A^- 
photon W state using single photons and our scheme (see 
Fig. [2] for the schematic), the total success probability is 
N/b^~^ {N ^ 2). However, this is not optimal. By re- 
placing the leftmost PDBS with a balanced polarization- 
independent beam splitter, namely, rjH = rjv = 1/2, the 
probability of success can be improved to N / (4 x 5^^^). 
Alternatively, if we do not restrict our sources to single 
photons and EPR states are available, we can get higher 
probability. Explicitly, with our scheme, we can first add 
a sing le photon to an EPR state {\HV) + \VH))ly/2 to 
get state IW3) and then add single photons one by one 
as the way in Fig. [21 In this case we can obtain the state 
\Wn) with the success probability A^/(2 x 5^~^). In par- 
ticular, the success probabihty for preparing state \Wz) 
is 3/10, which is highest compared with other linear op- 
tical schemes, as the most efficient one at present is 3/16 
in Ref. [11]. The success probability for pre par ing state 
\Wi) is 2/25, which is lower than 1/8 in Ref. [Hi but still 
higher than the other linear optical schemes (the most ef- 
ficient one before the scheme in Ref. 26] is 2/27 in Ref. 
fis'l). Therefore, we believe our scheme is experimental 
feasible for preparing states IIV3) and IW4). However, as 
the number of photons increases the success probability 
decreases exponentially, so experimental preparing more- 
photon W states would be still difficult. Actually, this is 
a common problem in many linear optical schemes. 

Finally, we would like to give a brief discussion on 
the comparison of our scheme with the scheme in Ref. 
[2^ . The two schemes are based on similar expanding 
principles (this can be seen from Eqs. ^ and ([TUj) and 
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Eqs. (3) and (4) in their scheme), but a single photon is 
added in our scheme rather than two photons are added 
in their scheme. This leads to different experimental re- 
quirements, i.e., we need single photons while they need 
two-photon Fock states. In their scheme, the success 
probability is (2A: + 1)2"^'^ for preparing state |VF2fc+i) 
and (fc + 1)2"'^'^ for preparing state |M^2(a+i))- There- 
fore, our scheme is more efficient for preparing state \ Ws) 
but less efficient for preparing more-photon W state. 

In conclusion, we propose a simple scheme to expand 
a polarization-entangled W state by adding a single pho- 
ton. This method should be very helpful in quantum in- 
formation processing in the future when quantum mem- 
ory and nondemolition measurements are available, be- 



cause we can add a single photon to an existing W state 
easily to get a larger one. Furthermore, our method gives 
a new way to prepare W state using single photons and 
linear optical elements. 
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